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Abstract 
 

The project of modeling a gravimetric quasigeoid for 

Romania is carried out in stages, based on the gravimetric 

measurements in the area of each county, in the gravimetric 

points of the 0, 1st and 2nd order gravimetric network, in the 

checkpoints points (with GNSS/levelling data) and also in 

the new designed points. 

The remove-compute-restore technique was used to 

remove the long-wavelength component from Global 

Geopotential Model (GGM) and effect of the short-

wavelength signal by applying terrain corrections, to 

compute residual geoid heights, and to restore the effect of 

the GGM and topography. 

As a preliminary analysis for the development and 

evaluation of a precise quasigeoid for Romania, different 

gravimetric geoid solutions were computed using two 

gravity reduction techniques (Helmert’s second 

condensation method and the Residual Terrain Model 

method), and two methodologies to compute residual geoid 

heights and residual height anomalies (Stokes' integral and 

Least Squares Collocation). 

In this article are presented the main activities that took 

place in the period 2016-2018 for creating the projects in the 

counties of Romania and the results obtained till now as 

well as the perspective for the next years. 
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1.  Introduction 

 
For accomplishing the HB.13 measure about the 

rehabilitation and modernization of the National Geodetic 

Network (RNG) of the precision leveling by determining a 

quasi-geoid for Romania’s area, part of the Institutional 

Strategic Plan approved by Order no. 763/ 05.16.2014 of the 

Minister of Regional Development and Public 

Administration according the strategy of the National 

Agency for Cadaster and Land Registration (NACLR), 

regarding the recommendations of the EUREF subcommittee 

of the International Association of Geodesy on improving 

European quasigeoid EGG2008 by gravimetric 

determination, geometric leveling and GNSS, the National 

Center of Cartography (NCC) will achieve in the next years 

the execution of the project "The determination of a 

quasigeoid for Romania’s area". 

The project will be gradually developed, on the territory 

of each county, generally, aiming to provide the necessary 

elements for generating the quasigeoid determined on the 

territory of the whole country, by implementing and using 

the geo-gravimetric new technologies which will stand as the 

basis of it. In the project, the NCC will take relative 

gravimetric measurements on the gravimetric points of 0, 1st 

and 2nd order for the transmission of gravity to the new 

determined points, on the checkpoints and control points in 

which geometric leveling determinations have been done and 

GNSS determinations within the project “Rehabilitation of 

the leveling precision network Ist and IInd order through 

recognition and GPS determinations in specific points”, 

consistent with class D national geodetic network (NGN)” or 

the NGN class B and C, also on new designed points 

developed to provide a uniform density and distribution of 

these points in order to generate the model of a gravimetric 

quasi-geoid. 

 The project aims to improve the transformation grid on 

altitudes and to improve the digital elevation model and 

orthophotomap through which the Romania’s topographical 

reference plan (TOPRO 5) is updated – support for the 

implementation of the National Programme for Cadaster 

and Land Book and for carrying the acceptance of works for 

registration of real estates in the land book. An accurate 3D 

geospatial network will provide support and control for the 

implementation of advanced technologies in order to get the 

cadastral plans in cities / municipalities prescribed within 

the project LAKI II, by LIDAR flying and digital 
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photogrammetric restitution.  
 For modeling cvasigeoid on Romanian territory NCC has 

studied several methodologies for choosing an appropriate 

method according to the gravimetric, GNSS/leveling data 

set obtained during the measurements carried out over time 

and complying with the conditions of relief in our country.  

 The purpose of this article is to present a comparative 

modeling study of quasigeoid on the territory of the Alba 

and Cluj counties from two methodologies (Stokes' integral 

and Least Squares Collocation - LSC) using two gravity 

reduction techniques (Helmert’s second condensation 

method and the Residual Terrain Model method). 

 

2.  The design of gravimetric works 

 
During 2016-2018 there were developed gravimetric 

works in the form of projects which are carried out on the 

counties of Bihor, Arad, Hunedoara, Alba, Cluj, Sibiu, 

Mureș, Harghita and Covasna, each project having some 

features based on the location of gravimetric points and their 

inclusion in the measurement loops, considering the relief of 

area of interest, the road network to reach gravimetric points 

etc. 

The method of measuring is that of the loops closed on 

starting point with control checks in specific points. In the 

image below, an excerpt from the gravimetric points’ layout 

map from the pilot-project in Cluj county is shown. 
 

 

Fig. 1. The layout of the gravimetric points in the project from Cluj 

County 

 

3.  Performing measurements 

 
For making the gravimetric measurements, the following 

conditions have been taken into consideration: 

 a work session (called loop) closes the point of 

departure over at about 3 hours; 

 compulsory checking of the drift every three hours 

(simple loops); 

 for each point 7 series of successive determinations 

(cycles) will be done, each of the lasting 60 seconds. 

In order to get the measurement’s accuracy and the 

control of the  measurements at least two links of the current 

loop with neighboring loops have been provided. For 

performing measurements during the projects were used 

Scintrex relative gravimeters - Autograv CG5 with 1 

microGal reading resolution and Scintrex - Autograv CG6 

with 0.1 microGal reading resolution. 

The image below presents a sequence of gravimetric 

measurements in a new point of a loop from the pilot- project 

in Bihor County. 
 

 

 
 

Fig. 2. Performing gravimetric measurements in a new point 

of a loop 

 

GNSS measurements were carried out for the new 

designed points and precision leveling measurements for the 

checkpoints were also done. 

 

4. Adjustment of relative gravity measurements 

 
In order to achieve the adjustment of the gravimetric 

measurements, the corrections necessary to reduce 

gravimeter readings were first applied. 

Reduced gravimetric data were placed in a functional 

model comprising independent readings given by the 

following equation 

 

    (1) 

 
in which: 

- t - time measurement; 

- l: reading low value of the instrument; 

- v: correction; 

- g: gravity value of the station; 

- N0: a constant bias; 

- ΔF(z): calibration function; 

- z: reading gravimeter; 

- D(t): gravimeter drift function  

Gravimeter drift function was modeled with a polynomial 

form 

 

(2) 

where: 
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- t0 is the initial epoch; 

- a is the degree of the polynomial. 

The advantage of using reduced gravity readings from a 

functional model (1) up against the model with gravity 

differences in successive readings of the first model consists 

in the fact that the observations are uncorrelated. 

Assuming that there are n number of measurements, 

observation equations of the form (1) are written in the form 

of a matrix 

 
, with the weighting matrix P  (3) 

 

where: 

- L
b
: a vector containing the relative gravity measurements; 

- V: a vector containing corrections; 

- A: matrix coefficients; 

- X: a vector containing the unknowns. 

Using least-squares adjustment, the estimates of 

unknowns are obtained 

 

(4) 

 

and the a posteriori covariance matrix of  

 

(5) 

 

In order to statistically test the relevance of the adopted 

parameters, Student test has been used, and in order to 

calculate a posteriori variant test has been used. To test 

the existence of gross errors, test τ (Alan J. Pope, 1976) and 

the matrix of the cofactors corrections Qvv have been used. 
 

5.  Geoid Determination 
The new gravimetric quasi-geoid model for Romania will 

be done using the Remove - Compute – Restore (RCR) 

algorithm. In the RCR technique, the anomalous potential T 

is split into three parts: 
 

T = TEGM + TRES + TIND/RTM (6) 

 
where TEGM  is the contribution of an Earth Geopotential 

Model (EGM2008 to degree 2190), TRES is the residual 

gravity field and TIND/RTM.is is the indirect effect or terrain 

effects from Residual Terrain Modelling. 

In the next period, the CNC also intends to use the 

GOCE-based on global geopotential models (GGMs) after 

accuracy assessment of its height anomalies by comparing 

them with the corresponding ones determined from 

GNSS/levelling data. 

 

a.  Using gravity reduction techniques 
The gravity measurements should be referred to the 

geoid, which requires that the topographical masses outside 

the geoid have to be removed for its determination using 

Stokes’s boundary value problem approach. There are 

several reduction techniques, which differ depending on how 

these topographical masses outside the geoid are dealt with. 

In practice, the choice of reduction method depends on the 

magnitude of the indirect effects, smoothness and smallness 

of reduced gravity anomalies, and the geophysical meaning 

of its reduction method (Heiskanen and Moritz, 1967). In this 

study we used two of the most common gravity reduction 

techniques (Helmert’s second condensation method and the 

Residual Terrain Model method). 

 

i.  Hemert’s second method of 

condensation 
Hemert’s second method of condensation is mostly used 

in practice and consists in condensing all matter external to 

the geoid into a surface lying in the actual geoid itself 

(Lambert 1930, p. 115). The condensed surface layer has a 

planar density 𝜅 = 𝜌𝐻, where 𝜌 is the density of the 

topography, commonly assumed 2.67 g cm
-3

 (see Figure 3). 
 

 

 

 

 

 

 

 

 

 
Fig. 3. Helmert’s second method of condensation  

(Hofmann-Wellenhof & Moritz 2006) 

The indirect topographical effect is caused by the 

condensation of the topographic masses onto the geoid. The 

indirect effect of Helmert’s reduction on the geoid, 

considering the first two terms is given, in planar 

approximation, following (Wichiencharoen, 1982) as: 

 

 (7) 

where γ is the normal gravity and s is the planar distance 

between computation and running point. 

ii. Residual Terrain Model 
Gravity anomalies reduced with the Residual Terrain 

Model (RTM) are generally smoother than those resulting 

from other terrain reduction methods (Sansò & Sideris 2013). 

The smooth surface can be constructed by low-pass 

filtering of the detailed DTM to transform it into a coarse and 

smooth topography grid. The RTM is given by (Forsberg 

1984) 

 

(8) 

 

where 𝐻𝑟𝑒𝑓 and 𝐻 are the heights of the reference grid and 

the detailed grid respectively, and 𝐶𝑇 is the classical terrain 

correction. 

The principle of RTM reduction is illustrated in the 

following figure. 
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Fig. 4. The principle of the RTM reduction (Sansò & Sideris 2013) 

 

b. Geoid Model Computed by Stokes’s 

method 

 
The schedule to determine the quasigeoid model in the 

testing area of the Alba and Cluj counties using Stokes-

Helmert technique can be described in the following main 

steps: 

a) Preparation of digital terrain models for the 

calculation of the relief corrections and indirect 

effect 

In the process of calculating the corrections were used 

two digital models: 

- A more national detailed model with a higher 

resolution, which is used for the nearest area of the 

calculated point; 

- A less detailed model with lower resolution, which 

is used for the farthest area of  the calculated point 

(SRTM3 DEM) (Fig. 5). 

 
Fig. 5. Less detailed digital terrain model 

 

b) Calculation of free-air anomalies, terrain corrections 

and Bouguer anomalies in gravimetric points 

To calculate the terrain effects on gravity anomalies, 

NCC used homogeneous rectangular prisms method 

(Forsberg, R. 1985): 

 

 
                                                                                          (9) 

c) Generating refined Bouguer anomalies grid using 

the collocation method 

d) Reconstitution of topographic effects at the grid 

points to get a grid of Faye gravity anomalies 

e) Determination of long wavelength components in 

grid points using global geopotential coefficients 

model 

f) The calculation of residual gravity anomalies in the 

grid nodes 

GGM gravity anomalies were subtracted from Faye 

anomalies resulting residual Faye anomalies in the grid 

nodes (fig. 6) 

ΔgFAYE = ΔgFA - ΔgGM .    (10) 

 

 
 

Fig. 6. Residual Faye anomalies in the grid nodes 
 

 

g) Determining the medium-wavelength part of the 

geoid height (NΔg) by using Stokes’s integral: 

 

 (11) 

 

h) The calculation of the indirect effect (NIND) in grid 

nodes using planar approximation formula (7) 

i) Calculation of the final values of the geoid 

undulations in grid nodes 

The final values of the geoid undulations are obtained by 

adding the medium-wavelength component (NΔg), the long-

wavelength component (NGM) and indirect effect (NIND): 
 

N = NΔg + NGM + NIND       (12) 

 

j) Determining and applying a corrective surface to 

the gravimetric quasi-geoid using the expresion 

(Sjöberg, 1995):  

(13) 
 

 For fitting the gravimetric quasigeoid model to the 

Romanian vertical datum, additional GNSS observations on 

levelling benchmarks were performed. Moreover, these 

measurements  also contribute to improving the estimation of 

the accuracy and precision of the gravimetric quasi-geoid.  
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The quasigeoid performed on the territory of the Alba 

and Cluj counties is represented by the isolines below. 

 

 
 

Fig. 7. The quasigeoid on the territory of the Alba and Cluj counties 
 

After fitting the surface of the quasigeoid gravimetric to 

GNSS/levelling data, the following statistical situation 

resulted: 

 

Table 1. The results after fitting the surface of the quasigeoid 

gravimetric to GNSS/levelling data 
 

Statistics: Mean 

[m] 

Std. 

dev. 

[m] 

Min. 

[m] 

Max. 

[m] 

Original Data 40.989 1.338 39.066 43.859 

Grid Interpolation 

Results 

40.989 1.337 39.079 43.857 

Predicted Values 

Output 

-0.001 0.021 -0.074 0.085 

 

c. Geoid Model Computed by 3D LSC 

 
The general methodology for gravity field modelling by 

LSC is as follows: 

a) Calculation of point free air gravity anomalies 

through terrestrial gravimetric data 

These anomalies were calculated as follows: 

 

     (14) 

where  is atmospheric correction and   corresponds 

to the free-air correction. 

b) Remove the effect of a global Earth gravity field 

model from the free-air anomalies and the height 

anomalies 

c) Remove the RTM contribution from the data 

This will produce what we will call residual data. The 

residual gravity anomalies are shown in Fig. 8. 
 

 
 

Fig. 8. The residual gravity anomalies 
 

d) Estimate empirical covariance function for the 

residual data 

In a local area we estimate the gravity anomaly 

covariance function by taking a sum of products of the data 

in the area grouped according to an interval  of spherical 

distance (the sampling interval size),  

 

    (15) 

 

The estimated covariance is 

 

    (16) 

where M is the number of products from the i
th

 sampling-

interval and rm is the mean altitude. In the calculations the 

covariance will be regarded as referring to the mean height, 

which for the Alba and Cluj counties is 486 m. 

e) Determine an analytic representation of the 

empirical covariance function 

Modelling the covariance function means the fitting of 

the empirical covariance function to an analytical model of 

the covariance function for the anomalous potential which is 

presented as follows (Tscherning, 2013) 

 

 

 
(17) 

where RE is the mean Earth’s radius, RB is the radius of the 

Bjerhammar sphere, Pn(t) = Pn(cosΨP.Q) is the Legendre 

polynomial of the degree n with the spherical distance ΨP.Q 

between the points P(rP, ϕP,λP) and Q(rQ, ϕQ,λQ), rP and rQ are 
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the radial distances of the points P and Q from Earth’s centre, 

σn is the error degree variance for the anomalous potential, A 

is a constant in units of (m/s)
4 

and α is the scale factor of the 

error degree variance. The estimated and the fitted 

covariance values are shown in Fig. 9. 
 

 
 

Fig. 9 Empirical and analytical fitted covariance functions 
 

f) Determine a residual gravity field approximation 

using LSC, compute estimates of the residual height 

anomalies 

g) Restore the long-wavelength component and the 

residual terrain correction to obtain the geoid height 

 

 = Δg + GM + RTM       (18) 

 

h) Fitting the gravimetric quasigeoid model to 

GNSS/levelling data 

 

The difference between GNSS/levelling and gravimetric 

quasigeoid  

 

 = GNSS/levelling - gravimetric       (19) 

 

is gridded using collocation, and then the final geoid is 

obtained by 

 

fitted = gravimetric   +  grid     (20) 

 

If the geoid differences show a strong trend, a 

combination of both trend estimation and collocation signal 

is used 

 

  (21) 

 

where the parameters a1 to a4 corresponds to the geoid effects 

of a Helmert transformation. 

The entire LSC 3D process was accomplished by using 

programs from the GRAVSOFT software package in 

combination with other NCC programs. 

After fitting the surface of the quasigeoid gravimetric to 

GNSS/levelling data, the following statistical situation 

resulted: 

 

Table 2. The results after fitting the surface of the quasigeoid 

gravimetric to GNSS/levelling data 
 

Statistics: Mean 

[m] 

Std. 

dev. 

[m] 

Min. 

[m] 

Max. 

[m] 

Original Data 40.989 1.338 39.066 43.859 

Grid Interpolation 

Results 

40.989 1.337 39.081 43.851 

Predicted Values 

Output 

0.000 0.024 -0.073 0.091 

 

6.  Conclusions 

 
Two different gravity reduction techniques (Helmert’s 

second method of condensation and the RTM) have been 

presented in this study. They treat the topography in a very 

different way but these methods of condensation are the most 

used reduction techniques for the determination of a 

gravimetric geoid/quasigeoid. 

In the studied area (Alba and Cluj counties), the 

maximum indirect effect of Helmert’s second condensation 

method is small (25 cm) compared to the maximum restored 

terrain effect on the quasigeoid for the RTM reduction that is 

nearly a meter. The maximum correction to transform from 

geoid undulation to height anomaly is 18 cm. 

The statistical situation of the differences between the 

height anomalies obtained by the two methods (LSC and 

Stokes) before the fitting to the geometric quasigeoid 

resulting from GNSS/leveling data is presented in the 

following table. 

 
Table 3. The statistical situation of the differences between the height 

anomalies obtained by LSC method and Stokes’s method before the 

fitting 

 

Statistics: Min. 

[m] 

Max. 

[m] 

Mean 

[m] 

RMS 

[m] 

LSC - Stokes -0.09 0.53 0.32 0.34 

 

The difference in terms of root mean square (RMS) between 

the height anomalies obtained by LSC method and Stokes’s 

method is 34 cm which is mainly a systematic bias between 

leveling network referred to the mean tide and the 

geopotential model EGM2008 referred to tide free. 

In the second comparison, the quasigeoid models were 

verified by comparing height anomalies resulting from the 

two methods after the fitting to the geometric quasigeoid. 

According to the data in Tables 1 and 2 height anomalies 

have very small differences, and the standard deviation 

between gravimetric anomalies and geometric anomalies is 

approximately ±2 cm. 

In the absolute comparison using 91 points with 

GNSS/leveling data, Stokes’s method is more consistent than 

LSC method in the mountain area. The reason why LSC 

method is less consistent than Stokes’s method can be 

explained by the lack of data and the topography that 

affected the LSC computation, since the gravity anomalies 

are highly correlated with the topography and can influence 

the modeling of covariance functions. The geoid model 

computation in an area with poor gravity data distribution 

could be an opportunity to verify the LSC methodology and 
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also the covariance functions. On the other hand, the use of 

GNSS/leveling and gravity data in the LSC determination 

could be undertaken to verify how GNSS/leveling data can 

contribute in the quasigeoid model computation. However, 

the GNSS/levelling data points and the gravity data need to 

be intensified to improve the quality of the computed 

quasigeoid model. 

To summarize, both methods used in this study are 

suitable for the upward continuation since the Stokes's 

approach can be used for larger datasets that are not 

homogeneously distributed in the quasigeoid modeling area, 

while the LSC technique can be used as a tool to check 

quasigeoid quality because it provides localization-dependent 

prediction errors. A more accurate coordinate transformation 

on altitudes will be provided, based on ellipsoidal altitudes 

gotten with GNSS technology and height anomalies to be 

interpolated from the new gravimetric quasigeoid, making 

important steps forwards, as well, to get a more accurate 

digital elevation model for the achievement of the 

orthophotomap and for carrying out the systematic cadastral 

activities included in the National Programme for Cadastre 

and Land Registration 2015-2023. 
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