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In this method, the equations describing the problem with
an infinite number of degrees of freedom, are
transformed into a system of equations with finite
number of degrees of freedom.
However, this method allows the integration of the
equations by numerical calculation and systems of
differential equations on a domain, taking into account
the boundary conditions or contour of a known
configurations which describing different problem and
physical phenomena.

Abstract
This paper presents a theoretical approach to meshing
objects and how to extract information on movements
and deformation analysis, providing a data processing
about the studied object by finite element method. The
flow of data in such a processing is based on the systems
theory, with input data, a module for processing them on
the basis of transformation functions and data output are
subject to a check in advance. In this context, special
importance is the process of achieving a mathematical
model to approximate the processing to be better physical
phenomena acting on analyzed the object and imposing
designed limits on movements and deformations.

2. Concepts in the formulation of the finite
element method
Following application of the finite elements method,
partial differential equations which shape physical
systems with an infinite number of degrees of freedom
are reduced to systems of algebraic equations, i.e. one
discrete system with a finite number of degrees of
freedom.
There are three ways to formulate the finite elements
method:
a) direct formulation;
b) variational formulation;
c) residual formulation.
Direct formulation is based on matrix calculation of
structures with displacement method.
Variation formulation is based on the minimization of the
potential energy of the solid, deformable, based on a
criterion of stationary potential energy. By minimizing
the potential energy of solid deformable under a principle
residence is obtained elastic nodal equilibrium equations
system. By solving the system of equations is obtained
displacements, strains and stresses of deformable solids.
Residual formulation may be used if they do not have a
functional form, which is a more general formulation than
the formulation variation. To formulate residual finite
element method can be used: the method of least squares
Galerkin method, method of co-location, etc.
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1. Introduction
A classification of methods for numerical modeling of
structures can be done mathematical point of view, on
three main areas:
- finite difference method,
- finite element method and
- border elements method.
The finite element method attempts to approximate a
solution to a problem by admitting that the domain is
divided into subdomains or finite elements with simple
geometric shapes and function unknown state variable is
defined around each element. [11]
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The basic idea of this method is that if the studied structure
is divided into several parts called finite elements for each
of these can be applied calculation theories corresponding
the scheme adopted (theory of beam, plate or block).
Dividing the structure into smaller parts, called meshing
operation that will result in obtaining simple forms for
finite elements composing the structure studied. [3] The
computational model used in finite element analysis model
is approximately obtained by finite element assembly
components, taking into account the geometry of the
structure. Connecting finite elements is performed only at
certain points called nodal points or nodes. Nodes are
points of intersection of the rectilinear or curved contour
lines of the finite elements. Finite elements can be 1D, 2D
or 3D depending on the geometry of the structure that
shapes. [1]
The character of generality of the method gives the
advantage to adapt, with simple modifications, the most
complex and varied problems, such as linear and nonlinear
problems, static and dynamic stresses, structures bar, flat or
curved plates, contact problems, problems of fracture
mechanics, of tiredness, etc.
The spatial configuration at a time of a system is described
by its degrees of freedom. They are also known as
generalized coordinates or in a more mathematized as state
variables. A system where the number of degrees of
freedom is infinite, the system is continuous, and if the
number of degrees of freedom is finite, the system is
discrete. [2]
Since MEF is a method of discretization, that the number of
degrees of freedom of a finite element model is binding
finite. Degrees of freedom are collected in a vector called
the state vector d or nodal displacement vector.
Each degree of freedom corresponds to a generalized force.
These forces are collected in a vector F called the nodal
forces vector. The link between the two vectors, degrees of
freedom and nodal forces is the linear nature and is known
as the rigidity matrix (K):

The main steps in finite element analysis are:
1) idealization
2) discretization
3) obtaining the solution each having a source of errors.
This process can be schematized as follows:

Fig. 1

Mathematical modeling or idealization, is an abstracting
process by which an engineer transform a physical system
into a mathematical model of the analyzed system. The
idealization of complex engineering systems can be
described in relation to a smaller number of parameters.
Thus was filtered a number of significant details of the
behavior of the system.
For a flat plate structures loaded her normal median plane
at which idealization is allowed at least four known
mathematical models:
1) The very thin sheet model which switches state of
membrane with the bending
2) The thin plate model
3) The thick plate model
4) The very thick plate model - 3D elasticity theory
The responsible person for idealization must have
sufficient knowledge of the advantages and disadvantages
of each model and the applicability domain thereof. [14]

K*d = F
(1)
The generic name, the rigidity matrix, is found both in
modeling the behavior problems of mechanical and nonmechanical. Physical significance of the vectors d and F in
the various applications of the problems of the field is given
in the table below

Fig. 2 Choice alternatives of the real structure model

For numerical simulation can be applied practically, must
have the number of degrees of freedom are reduced to a
finite number. The reduction of degrees of freedom is
called discretization (meshing) and model is a discrete
model. [11]
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The response of each finite element is expressed on a finite
number of degrees of freedom that are unknown values of
function (displacement function) in a number of nodal
points.
The answer of the mathematical model will result as an
approximation of the discrete model response obtained by
assembling answers of all elements of the model.

Considering the displacement such as variable field, this
relationship can be expressed as:

(2)

(3)

a. Types of elements
Finite element is characterized by the following attributes:
a) Dimension - 1D, 2D, 3D.
b) The nodes - each element has a finite number of nodal
points. They serve to define the geometry and location of
degrees of freedom. In general the simple elements (linear),
the nodal points are positioned at the corners or ends of the
elements. Higher order elements are nodes besides the ends
and corners or on the sides or faces placed nodes or
elements within them.
c) The geometry of the element - is defined by way of
placement of nodes. They can have straight shapes (beams)
or curved (parabolic elements, cubic, etc.).

where: u - horizontal displacement, v - vertical
displacement, ui - horizontal displacement in node i, vi vertical displacement in node i, Ni – expression of the shape
function in node i.
The functions that expressed the shape are always as
expressed in a natural coordinate system. A natural
coordinate system is a coordinate system that allows you to
specify a point on the element that is the origin and
coordinates of other points do not exceed unity. For a
rectangular element with four nodes can illustrate the
natural coordinate system in the figure below.

Fig. 3

Fig. 4 Natural coordinates in four node rectangular element

d) Degrees of freedom - state parameters specific item.
They are defined as field values or derivatives of
displacements (u, v, w, Rx, Ry, Rz - components of
displacements and rotations). With their help you can
connect the elements which have common nodes.
e) Nodal forces - they are in one to one correspondence
with the degrees of freedom (displacement corresponds to a
force and rotation corresponds to a momentum).
f) Characteristics of the material - material behavior under
load is characterized by constitutive laws. The simple and
linear elastic behavior is corresponding to Hooke's law. In
this case the behavior of the material is characterized by
elastic modulus E, Poisson's ratio and coefficient of linear
thermal expansion. [14]

(4)

(5)
where,
(6)

(7)

2.2 Shape functions
In order finite element analysis is to find as accurately
variables nodal points. The elements of the field variables
from the nodal points define the form function or
interpolation function. [7]
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Therefore, displacement can be written as matrix, thereby:

we can write:

(15)
(8)

Therefore, the efforts matrix of displacements can be
calculated for any type of elements, using these
expressions.

2.3 The efforts matrix of displacements
The relationship between efforts at any time in analyzed
element and nodal displacement can be designed using the
efforts matrix of displacements. [7]

2.4 The stiffness matrix
Displacements in an element are a result of externally
applied load or self-weight. Relationship between these
parameters can be formed using what is called stiffness.
Taking into account a small part of elastic material
subjected to applied external nodal force, {dF}, resulting
displacements {du}, efforts {dε} and stresses {dσ} at the
nodes.
Since the minimum potential energy principle, which states
that "due to activities in outer load is equal to the internal
strain energy", the following equations can be written:

(9)
where, () - efforts at any point of the element, (u) - vector
of nodal displacements values for that element, [B] - efforts
matrix of displacements.
Efforts matrix of displacements is dependent on partial
derivatives of shape functions or interpolation functions,
dependent, in their turn, on the Cartesian coordinates x and
y. But the shape functions are not directly dependent on x
and y, but the natural coordinates ξ and η, can be used for
differentiation rules in chain. [15]
For example, consider a quadrilateral element with four
nodes, we can write:

(16)
or in matrix form,
(17)
And internal activity, Wi, is equal to integrated over the
volume of the element:

(18)
or in matrix form,
(10)
but,
(19)

(11)
and

Assimilating external and
simplifying, we can write:

internal

activities

and

(12)
and for any node can write:

(20)
The stiffness matrix of the element [Ke], relating nodal
forces {dF} to nodal displacements {du}, is therefore:
(13)

If we introduce the Jacobean matrix linking the local
coordinates of the global coordinates, i.e.:

(21)
This results in the generalized equation of displacement
based finite element equation:

(14)

(22)
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The nodal displacements are evaluated using the
relationship:

structure studied. On the other hand may be required
maximum values to be compared with the admissible.
It is also important that the results are presented in a
form that allows a better understanding, without prior
knowledge of the model.

(23)
The stiffness matrix for the whole system which is called
the global stiffness matrix (size = total number of
unknowns x) can be assembled first with all elements zero
and then placing the stiffness matrices of each element in
the "place" corresponding to the degrees of freedom of each
point in the global system. The integral can be evaluated
using the Gauss numerical integration method.
Forces acting on an element can be externally applied loads
or due to the self-weight. In any case these loads can be
applied at the nodes as a point load, hence they must be
distributed to the corresponding nodes using the shape
functions using the expressions below.

In this case the results for mechanical structures can be
grouped in the following forms:
- representation of the displacements;
- representation of the deformed and undeformed object
contour;
- representation of the forces and the moments;
- representation of the stresses and strains on the contour;
- representation of the principal stress directions;
- calculation of the deformation energy;
- listing of the stresses and deformations in ascending or
descending order, etc.
It is important that parts of the structure to be shown in
graphical form and the directions of coordinate system axes
to be clearly shown and explained. If numerical values are
included, the location of nodes, elements or sections to
which they refer must be presented graphically and the
conventions of signs to be clearly explained.
Some examples of representations can be seen below.

(24)
while,
where:  = self-weight of material, N = shape function, {T}
= external load applied uniformly.
For quadrilateral elements the integration order is between
two and seven, for example if n = 2 there are 2x2 = 4
integration points and if n = 3 there are 3x3 = 9 integration
points which are symmetric to the origin of the natural
system of the coordinate axes ξ and η, with the same
magnitude.

Fig. 6 Bradisor dam
Fig. 5 Integration order in rectangular element

3. Interpretation of results
A very important step in the finite element analysis is the
interpretation of the results, as during problem solving or
after results, some questions arise. [11]
Answering these questions finalizes analysis of the problem
or request that certain steps be repeated. Typically, in order
to answer questions, are required to go through two steps:
1. Validation of the model. The user the method must
verify the results of corresponding to satisfy
calculation model.
2. Interpretation of results. Through interpretation of the
results after validation, it show how works the

Fig. 7 Arrangement of hydrostatic pressure on the upstream face
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Fig. 11 Self-weight + hydrostatic pressure main efforts 1 (KN/m2)

Fig. 8 Self-weight + hydrostatic pressure displacement left bank - right bank (ux) (m)

Fig. 12 Self-weight + hydrostatic pressure main efforts 3 (KN/m2)

Fig. 9 Self-weight + hydrostatic pressure displacement upstream - downstream (uy) (m)

Fig. 10 Self-weight + hydrostatic pressure vertical displacement (uz) (m)
Fig. 13 Ovoid tank
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Fig. 16 Self-weight + internal pressure radial displacement (ur) (cm)

Fig. 14 Self-weight + internal pressure vertical displacement (uz) (cm)

3 Conclusions
Analysis of complex structures requires the establishment
of calculation models to represent more accurately the
behavior of the building. A valid general principle is that
accuracy assessment of the dynamic characteristics of the
model with finite elements, not exceed the modeling
accuracy of the real structure.
There are many special programs for finite element
analysis, giving the user a number of settings to resolve
the problem, most of the operations necessary of the
processing steps being the automated, starting from
creating geometry of the model and ending with
evaluation of results. [9]
We may say fact that in the analysis of displacements and
deformations of building structures, it is important to
realize a mathematical model corresponding with an
adequate discretization, considering as many internal and
external influences upon the structure analyzed. [10]
For checking and validation the mathematical model of
the structure studied exists in this moment many
techniques and methods for geodesic measurements, but
and in this regard we have to make a choice consistent
with the accuracy imposed for determining the
characteristic points position of the structure. Thus, it can
use:
- Terrestrial photogrammetry technique with high
performance digital cameras calibrated;

Fig. 15 Self-weight + internal pressure horizontal displacement (uy) (cm)
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- Techniques and methods of measuring with high
performance total stations, possibly motorized, for which
can set a grid of points that follows to be observed; [8]
- Techniques that use sensor systems of different types,
with which can be measured displacements and
deformations of structures in the characteristic points;
[13]
- Terrestrial laser scanning techniques, static or dynamic,
having able to set the takeover grid of points in
accordance with the shape and dimensions of the finite
element which composes the structure mash studied; [4],
[5], [6]
- Terrestrial interferometry techniques (T-InSAR, GBInSAR, D-InSAR) that can achieve the sub-millimeter
accuracy of determination. [12], [13]
Combinations of these measurement techniques leads to
obtaining some data sets complete and complex, that can
confirm the viability of the mathematical model of a
structure in a low number of iterations, leading to reduce
the time and cost for conception of the structure model
and its implementation for simulating an multiple
analysis of displacements and strains, in different
hypotheses.
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