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Abstract
Geodetic network optimization (or geodetic network
design) is a notion first introduced by Erik Grafarend (b.
1939). The scope of the optimization is to improve the
geodetic network configuration and the measurements
plan, in order to achieve the desired accuracy for the final
results, in a cost-effective way. In this paper are presented
some of the qualitative indicators used for the
optimization of the tridimensional geodetic networks,
together with a case study which reveals the applicability
of these quantities to the presented situation.

optimization,

(1)

where:
ri – the redundancy number of the measurement i;

qvi vi – the i-th element on the main diagonal of the
cofactor matrix of the residuals, Q vv ;
pi – weight of the measurement i.
In matrix form Eq. (1) can be written as follows:

R = Q vv  P

(2)

and the vector which contains the redundancy numbers is:
(3)
r  diag (R)
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measurement,

In the case of correlated measurements weight matrix, P ,
will be a non-diagonal one, so Eq. (2) and (3) must be
used to compute the redundancy numbers for the
measurements in the geodetic network. This remark is
particularly important in the case of GNSS measurements
which are, par excellence, correlated observations.
The sum of the redundancy numbers for all measurements
is equal with the total redundancy (the degrees of
freedom) of the geodetic network:

1. Introduction and theoretical aspects
The reliability of a geodetic network is represented by a
set of qualitative indicators which represents measures of
network robustness (network behavior in the presence of
observations affected by gross errors). The deduction of
these quantities is based on the assumption that some
measurement are blunders (affected by gross errors).

r  f

(4)

i

The mean of the redundancy numbers in the network is:
Redundancy numbers
The redundancy number it is a quantity proper to each
measurement and its value is between 0 and 1. This
indicator represents the contribution of the respective
measurement to the total redundancy of the geodetic
network.
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From the above Eq. it’s obvious that the individual values
of the redundancy numbers will be higher if the overall
redundancy of the geodetic network will be higher.
Minimum detectable error (internal reliability)
The minimum detectable error is the minimum value of a
blunder which can be revealed by the used statistical test
[1]. This quantity is proper to each measurement in the
geodetic network. The study of the minimum detectable
error is a way of controlling type II errors, therefore its
value will depend on the power of the statistical test.
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 0 is called non-centrality parameter and it is determined
by the risk factor  (the admitted probability of making

test in a complementary fashion [2]).
(7)

In literature is recommended a typical value for

 0 [3],

given by (8):

or else

0  4

(8)

Ai  

For a gross error to be revealed by the statistical test, then
it must be higher than minimum detectable error:
| i |  0i
(9)

Corresponding to the measurements vector, another vector
which contains the values of the minimum detectable
errors for each observation, can be drawn:
T

(10)

Observation: Minimum detectable error only depends on
network configuration and stochastic model.
Absorption
The residuals vector of the measurements can be obtained
from the discrepancies vector, weight matrix and the
cofactor matrix of the residuals, with the Eq. below:
v = Q vv Pl
(11)
Assume further that the measurement i is affected by the
 i error. Then the residuals vector affected by this

computed a priori.

blunder from the measurement i, will be:

v = Qvv P  l  eii 

External reliability
The study of external reliability deals with the
determination of a set of quantities which emphasize the
influence of the blunders on the model parameters.
The effect of a gross error that occurred in the
measurement i, on the unknowns is:

(12)

where:
ei – vector of nx1 size which contains 1 on the i-th
position and 0 elsewhere:

ei   0

0 1 0

x  N 1A T Pei i

0  (13)
T

(18)

The worst case intervenes if the measurement i is affected
just by the minimum detectable error [5]:

The effect of a gross error affecting an observation, on the
residual of the respective measurement will be [4]:
vi  ri i
(14)

x 0i  N 1A T Pe i  0i

(19)

Each observation generates a vector of size hx1
expressing the external reliability, corresponding to the
respective measurement, for each parameter:

An estimation for the blunder  i can be obtained
applying a calculation in Eq. (14), knowing that the effect
of a gross error ( vi ) in the residual of the measurement
i is much higher than the effect of the random errors ( v

(17)

within the (0,1) range and shows degree in which the
gross error affecting a measurement will be distributed
throughout the network.
Attention must be paid to the measurements with large
absorption numbers. It is likely for a blunder that affect a
measurement with low control (high absorption) to be
distributed on other network measurements. These
measurements (which have a low control), even if are
affected by gross errors, can have low residuals, so they
must be carefully analyzed before they are accepted as
correct measurements.
Observation: The absorption value can be computed only
by knowing the residuals, therefore only after the
realization of the measurements and the adjustment of the
network. On the other hand, the absorption number is the
complement of the redundancy number and can be

 i – gross error that affects measurement i.
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1  ri
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As it can be observed, absorption is directly related to the
redundancy number of the measurement. The quantity
(1  ri ) is called absorption number [3]. This value is also

where:
 oi – minimum detectable error for the measurement i;

   01 02

(15)

The above Eq. shows that the least square method is not a
robust estimator, because the redundancy number is
strictly less than 1, only a part of the measurement error
will be transferred to that measurement residual. The rest
of the error will be distributed in the geodetic network.
Absorption is a measure of the quantity in which an error
affecting a measurement is absorbed by the parameters of
the model [3]:
Ai  (1  ri ) i
(16)

a type I error) and by the self-imposed probability of
making a type II error,  0 , (related to the power of the
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Table 1 Tridimensional geodetic network characteristics

If a diagonal matrix which contains minimum detectable
errors for all measurements is considered, then:
0 
 01


02
 (21)
x0  N 1A T P  




0 n 
 0
The matrix from Eq. (21) is of hxn size and contains on
line i the external reliability corresponding to parameter i
for all measurements in the network and, on column j, the
external reliability generated by the observation j.
To synthesize the value of the external reliability, for each
measurement supposed to be affected by a gross error
equal with the minimum detectable error, a global
indicator for the external reliability will be defined:

02i 

xT0i  N x0i

 02

Reference system
Coordinate system
Ellipsoid
Network dimension
Network type
No. of points
No. of fixed points
No. of free points
Position unknowns
No. of stations
No. of measurements
No. of horizontal directions
No. of distances
No. of vertical directions
No. of height differences
No. of GNSS baselines
Redundancy
Rank Defect

(22)

if we perform calculations in Eq. (22), then:
1  ri 2
(23)
02i 
0
ri
Eq. (23) is valid only in the case of uncorrelated
measurements. If in the network the measurements are
correlated (which is the case for the geodetic networks
realized by GNSS technology), then, for computing the
global indicator

The initial data regarding the characteristics of the
distances measurement instrument, the reference ellipsoid
and the a priori standard deviation of the unit weight, are
taken by the developed algorithm, from the file shown
below.

0i2 , Eq. (22) must be used.

For every measurement such global indicator,

WGS84
Local ellipsoidal
GRS80
3D
Inner constrained
5
0
5
15
3
31 (32)
9 (10)
5
5
3
3x3=9
16 (17)
3

0i2 , can be

computed. If the values are of the same order of
magnitude the network is considered homogeneous.
Observation: Both global indicators and local indicators
for the external reliability are independent of the
measured values, so they can be determined before
realizing the measurements and processing the network.

Fig. 1 Initial data file

The file which contains the provisional coordinates
(expressed in geodetic coordinate system) used for
computing coefficients for the observations equations, is
shown in Fig. 2.

2. Case study
In this section a case study regarding the analysis and the
optimization of a combined geodetic network is
presented. The adjustment of the measurements is carried
out using local ellipsoidal coordinate system. To realize
the adjustment and to compute the qualitative indicators, a
MATLAB language application was developed.
Initial data
The initial data (measurements and provisional
coordinates) for this case study are taken from [6]. Some
modifications were introduced in this data in order to
make them suitable for the desired purpose (conversions
between sexagesimal degrees and centesimal degrees, the
introduction of different standard deviations for the
measurements et al). The characteristics of the
tridimensional geodetic network are shown in Table 1.
Block processing of the terrestrial and spatial
measurements from this network was presented as a case
study [7].

Fig. 2 Provisional coordinates of points in the 3D geodetic network

Measurements realized in the geodetic network
The horizontal directions measurements performed in the
studied geodetic network, are shown
Fig. 3. On the last column are shown the standard
deviations for each measurement. This quantities are used
for weights computation.
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Fig. 6 Height differences measurements and their standard
deviations

GNSS baselines measurements are taken by the algorithm
from the file below. On the last three columns the
variance-covariance matrices regarding each baseline, are
shown. These matrices will be used for weight matrix
computation.

Fig. 3 Horizontal directions measurements and their standard
deviations

In Fig. 4 horizontal directions measurements and their
standard deviations are presented.

Fig. 4 Vertical angles measurements and their standard deviations

The distances measurements are shown in the file from
Fig. 5. The standard deviations used for determining the
weights are computed using the characteristics of the
distances measurement instrument with the Eq.:

 D  a  b  D km

Fig. 7 GNSS baselines measurements and their variance-covariance
matrices

The analysis and the optimization of the geodetic
network
With the help of the developed MATLAB language
algorithm, qualitative indicators regarding the reliability
of the studied network, were computed. As it has been
said for computing these indicators only the a priori
functional-stochastic model is needed. This model is
determined by the location of the network points
(provisional coordinates) and by the measurements which
are intended to be made between these points. These
elements were presented so far.
In Fig. 8 are shown the qualitative indicators regarding
the internal and external reliability for the studied
network. The significance of the columns of the table
presented in the figure is as follows:
Columns 1, 2 (dela, la) – the points between which the
measurement is performed;
Column 3 (tip_mas) – measurement type;
Column 4 (r) – redundancy number;
Column 5 (EMD) – minimum detectable error;
Column 6 (A_nr) – absorption number;
Column 7 (Ai) - absorption;
Column 8 (lam0i_2) – global indicator regarding the
external reliability.

(24)

a, b - constants offered by the producing company or
resulting from a calibration process.

Fig. 5 Distances measurements

The file with the measured height differences is presented
in Fig. 6.
On the last column, the standard deviations for these
observations can be found.
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Fig. 10. Horizontal directions provided to be measured - after
optimization

The intention is to optimize the measurements plan in
order to improve the reliability of this measurement. At a
closer look, a potential cause for which that measurement
is unreliable can be identified. In the measurements plan
the “backward” direction, CA, was not provided. The
measurements plan will be improved by adding the CA
horizontal direction. The new file with the horizontal
directions provided to be measured is shown in Fig. 10.
Fig. 8 Qualitative indicators regarding the reliability of the geodetic
network – before optimization

In Fig. 9 an excerpt from the matrix which contains the
local external reliability indicators is presented. The
meaning of the rows and columns of this matrix is
explained in Section 1, Eq. (21) regarding the external
reliability.
Studying the network reliability indicators it can be seen
that the measurement no. (AC horizontal direction) shows
very weak qualitative indicators (beginning with the
redundancy number and ending with the external
reliability global indicator). The consequence is that the
reliability will be lower and the network will be
inhomogeneous.

Fig. 11 Qualitative indicators regarding the reliability of the
geodetic network – after optimization

Fig. 9 Local indicators regarding the external reliability of the
studied geodetic network – before optimization
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geocentric coordinate system or in the geodetic coordinate
system, a conversion from the local ellipsoidal system
was performed.
In Fig. 13 are shown the results in the Cartesian
geocentric system, obtained following the adjustment
performed using the model mentioned above.

Fig. 13 Results in Cartesian geocentric coordinate system

In Fig. 14 are presented the results in the geodetic
coordinate system, obtained following the adjustment
performed using the model based on the local ellipsoidal
coordinate system.
Fig. 12 Local indicators regarding the external reliability of the
studied geodetic network – after optimization

The qualitative indicators regarding the reliability of the
network will be computed again after the optimization of
the measurements plan. These new indicators are
presented in Fig. 11.
Fig. 11It can be seen that there is a significant
improvement of the indicators characterizing the
reliability of the measurement no. 3 (AC horizontal
direction).
Also an improvement of the network in terms of
homogeneity can be observed. The values of the
qualitative indicators are now of the same order of
magnitude.
It can be seen that in the matrix that contains the local
indicators regarding the external reliability there is a
significant improvement of the values regarding AC
direction (column 3).
In practice an iterative method can be considered: first the
lowest redundancy measurement must be identified and
extra measurements will be added in that area until the
qualitative indicators will meet the requirements. Also, to
not unnecessary load the measurements plan, the highest
redundancy measurement can be eliminated. After each
change in the measurements plan the application will be
run in order to estimate again the values of the reliability
indicators. In this way the external reliability indicators
will become of the same order of magnitude for all
measurements, so the network will become homogenous.

Fig. 14 Results in geodetic coordinate system

3. Conclusions
In this paper the qualitative indicators which characterize
the reliability of a geodetic network were presented.
Those indicators can be global or local and they are a
measure of network robustness in the sense of its
resistance when blunders are present in the measurements.
Those indicators can be computed if the a priori
functional and stochastic models are known, without the
necessity of effectively realizing the measurements in the
network. So this indicators must be used to analyze and to
optimize the geodetic network in design phase.
More specifically said, the qualitative indicators
characterizing the reliability of the geodetic networks, can
be determined as soon as the network configuration, the
measurements plan and the instruments to be used (which
determines the a priori stochastic model), are set. So the
study of the geodetic networks in terms of reliability helps
to improve their configuration and the measurements plan
(stages called by E. Grafarend First Order Design – FOD
and Second Order Design – SOD). The indicators
determined in these stages, as it has been said, can be used
to analyze and propose solutions to improve the quality of

Final results and geodetic network plot
Measurement (after optimization) were adjusted together
in the geodetic network. The adjustment was realized
using a mathematical model based on the local ellipsoidal
coordinate system. To express the results in the Cartesian
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the respective geodetic network.
Although the focus is on 3D geodetic networks, the
qualitative indicators presented throughout this paper
characterize the reliability of geodetic networks of any
kind.
Of all network reliability indicators one stands out as
important. It is network redundancy. This should not be
seen only as global redundancy (as the number of
additional measurements carried out in the network) but
especially as local redundancy (given by the redundancy
number). With the help of this quantity, week points of
the network can be identified and also network areas
where measurements are more than necessary. This
indicator is used to compute the other geodetic network
reliability indicators.
Basically the particular importance of the redundancy and
the redundancy numbers, together with their influence on
all other network reliability indicators, means that nothing
can replace the contribution that the additional
measurements have for the realization of a qualitative
geodetic network.
In the case study presented was shown that the developed
algorithms for processing and analyzing geodetic
networks can be useful for the optimization of the
measurements plan.
As it has been seen, computing the qualitative indicators
revealed a lower confidence measurement that was also

leading to a network inhomogeneity.
Then the problem was addressed precisely so, by adding a
single measurement, the indicators which characterized
the reliability and the homogeneity of the network, were
improved.
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